A b s t r a c t . It is shown that the quotients of Kähler surfaces under free anti-holomorphic involutions have vanishing Seiberg-Witten invariants.
Various vanishing theorems have played important roles in gauge theory. The first among them, due to S. K. Donaldson [2] , states that the Donaldson invariants vanish for any smooth closed oriented 4-manifold X which decomposes to a connected sum X 1 #X 2 with b
is the dimension of a maximal subspace of H 2 (X i ,Z) on which the intersection pairing is positive definite.) E. Witten [12] has shown more recently that such a connected-sum manifold has also vanishing SeibergWitten invariants. Even though its proof is simple, Witten's vanishing theorem is equally useful as Donaldson's vanishing theorem; for example, it implies that any symplectic 4-manifold cannot be decomposed into the above connected sum by combining with Taubes' theorem in [9] .
In this note we show that Seiberg-Witten invariants vanish for another class of 4-manifolds. These manifolds are obtained in connection with real algebraic geometry, and the construction was originally proposed in Donaldson [3] . See Remark 4 below. To state our theorem, recall that a map σ between two almost complex manifolds is called anti-holomorphic if σ * J 1 = −J 2 σ * on the tangent bundles, where J i are the almost complex structures of the manifolds. In the following, K denotes the canonical bundle of an almost complex manifold (underlying a Kähler manifold). 
Theorem 1. Let X be a Kähler surface with
Proof. Suppose on the contrary, that there is such a decomposition X = X 1 #X 2 . Since π 1 (X) =Z 2 , we can assume π 1 (X 1 ) =Z 2 and π 1 (X 2 ) = 1. A universal (double) cover X 1 of X 1 yields a universal cover X 1 #X 2 #X 2 of X, which should then be diffeomorphic to X. This is however impossible as X, being symplectic, cannot be decomposed into such a connected sum with b
. (This kind of covering trick was initially used in [7] in a different context.) Proposition 2 therefore indicates that at least in the case where X is simply-connected, the situation in Theorem 1 is not covered by Witten's vanishing theorem. To the author's knowledge, the quotient manifold X given here, with 
Here
A is the self-dual part of the curvature of A, ρ is the Clifford multiplication, and θ is a pairing defined by matrix multiplication. (See [8] for details.) For a generic perturbation δ ∈ Ω + (X), the moduli space M λ,δ of irreducible solutions (A, φ) is either empty or a smooth manifold of dimension The full details of the definition of Seiberg-Witten invariants will not be needed in this paper. In fact, for the purpose of proving Theorem 1, it is enough to note that the perturbation δ will be generic and the SeibergWitten invariant will be zero if there are no reducible and irreducible solutions to ( * ). The issue of reducible solutions is dealt with in the following simple observation. Proof.
If there is a reducible Seiberg-Witten solution for some metric, that is, a connection A on L with
It is interesting to observe that the situation in Lemma 3 is different from the Donaldson theory. There the inequality c 1 (L) 2 ≤ 0 (from a reducible anti-self dual connection on an SU(2) bundle E) does not contradict the nonnegativity of the (virtual) Proof of Theorem 1. Let h be the Kähler metric on X and ω the associated Kähler form. As σ is anti-holomorphic, one sees easily that g = h + σ * h is an equivariant Kähler metric on X with Kähler form ω = ω−σ * ω. Through the double cover p : X → X, g pushes down to a metric g on X. Both g and g will be fixed for the rest of the proof. The standard Euler characteristic and signature formulae applied to p also yield b
Consider an arbitrary spin c structure λ on X. It pulls back to a spin c structure λ on X through the double covering p. Without much difficulty one verifies that the associated bundles W ± and L of λ pull back to the corresponding associated bundles W ± and L of λ. Assume the dimension d λ ≥ 0 from now on.
Suppose there is a solution pair (A, φ) to the Seiberg-Witten equations:
where A and φ are respectively a connection on L and a section on W + . Then the pull-back ( A, φ) is a solution pair to the Seiberg-Witten equations on X with spin c structure λ and Kähler metric g. Since 2e X +3s X = (2e X + 3s X )/2 = K 2 X /2 > 0, there are no reducible Seiberg-Witten solutions for λ from Lemma 3; thus (A, φ) and hence ( A, φ) are both irreducible. It follows easily from the irreducibility of ( A, φ) that ω · L = 0 (see [12] for example). This is however not possible; σ * L = L and σ
Thus the argument above shows that there is no reducible or irreducible solution to ( * * ). As noted before Lemma 3, this means that in the perturbed Seiberg-Witten equations of ( * * ), the perturbation δ = 0 is generic and the Seiberg-Witten invariant of X with respect to λ is zero. Since λ is an arbitrary spin c structure, the Seiberg-Witten invariants of X all vanish.
Note that all minimal complex surfaces of general type satisfy the condition K 
